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DENSITIES OF CURRENTS AND COMPLEX DYNAMICS
DUC-VIET VU
ABSTRACT. We extend the Dinh-Sibony notion of densities of currents to the setting where
the ambient manifold is not necessarily Ka¨hler and study the intersection of analytic sets
from the point of view of densities of currents. As an application, we introduce the no-
tion of exotic periodic points of a meromorphic self-map. We then establish the expected
asymptotic for the sum of the number of isolated periodic points and the number of exotic
periodic points for holomorphic self-maps with a simple action on the cohomology groups
on a compact Ka¨hler manifold. We also show that the algebraic entropy of meromorphic
self-maps of compact complex surfaces is a finite bi-meromorphic invariant.
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1. INTRODUCTION
A fundamental problem in the pluripotential theory and complex geometry is to de-
fine in a reasonable way the intersection of two closed positive currents. Although, the
intersection of currents of bi-degree (1, 1) is well understood (see [8, 32, 2]), the case of
currents of higher bi-degree still remains challenging.
A recent remarkable progress in this research direction is the theory of densities of
currents on Ka¨hler manifolds given by Dinh-Sibony [25], which generalizes the theory
of super-potentials and the classical theory of intersection of currents of bi-degree (1, 1)
mentioned above, see [16, 39] for details. This theory has deep applications to complex
dynamics and foliations. We refer the reader to [26, 13, 40, 16, 14, 15, 38] for details.
The first aim of this paper is to develop the theory of densities of currents in the setting
where the ambient manifold is not necessarily Ka¨hler and study the excess intersection of
analytic sets from the point of view of density currents. The second aim of this paper is
to apply this study to complex dynamics. We present below such two applications.
Date: March 19, 2019.
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2Let X be a compact complex manifold of dimension k. Let f be a dominant meromor-
phic self-map of X. Let ω be a strictly positive Hermitian (1, 1)-form on X. For 0 ≤ q ≤ k,
put
dq(f) := lim sup
n→∞
(∫
X
(fn)∗ωq ∧ ωk−q
)1/n
, ha(f) := max
0≤q≤k
{log dq(f)}.
We will write dq for dq(f) if no confusion arises. We can see easily that dj is independent
of the choice of ω for every j. The number d0 is always equal to 1 and dk is equal to the
topological degree of f. When f is holomorphic, these numbers dj are finite because the
differential of f is of uniformly bounded norm on X. We call dq the q
th dynamical degree
of f for 0 ≤ q ≤ k and ha(f) the algebraic entropy of f.
WhenX is Ka¨hler, the numbers dj, ha(f) are crucial finite bi-meromorphic invariants of
f ; see [20, 21, 19]. A (isolated) periodic point of period n of f is by definition a (isolated)
point in the intersection of the graph Γn of f
n and the diagonal ∆ of X2. Let Pn be the
number of isolated periodic points of f of period n counted with multiplicity and ht(f)
the topological entropy of f.
We will introduce the notion of exotic periodic points and their multiplicities, see Defi-
nition 4.2 below. Denote by P˜n the sum of Pn and the number of exotic periodic points of
period n counted with multiplicity. Our first main result, which is a direct consequence
of Theorem 4.6 in Section 4, gives the expected asymptotic for P˜n in the Ka¨hler case.
Theorem 1.1. We have
P˜n = e
nha(f) + o(enha(f))(1.1)
if one of the following situations occurs:
(i) X is a compact Ka¨hler manifold and f is a holomorphic self-map of X with a simple
action on the cohomology groups.
(ii) X is a compact Ka¨hler surface and f is an algebraically stable (dominant) meromor-
phic self-map of X with a minor (small) topological degree.
We refer to Section 4 for the definition of maps with a simple action on the cohomology
groups. Examples of automorphisms with a simple action on cohomology groups in
dimension > 2 can be found in [41]. In the situation (i) above, (1.1) still holds for a
good class of holomorphic correspondences, see Theorem 4.6 for details. Dinh-Nguyeˆn-
Truong [15] raised the question of whether the equality
Pn = e
nha(f) + o(enha(f))
holds for a large class of f. So in view of (1.1), in order to solve the last question, one
is led to expect that the number of exotic periodic points is at most o(enha(f)) at least for
the two cases mentioned in Theorem 1.1. The techniques developed in this paper are
however not sufficient to obtain it.
We notice that a related result for algebraically stable bimeromorphic maps on Ka¨hler
surfaces was given by Dinh-Nguyeˆn-Truong based on the Saito’s local index function, see
[15, Th. 1.4]. It is an interesting question to investigate the relation between the notion
of multiplicity in the sense of Saito’s local index function in [42, 36] and that given in
this paper.
In the two situations in Theorem 1.1, the upper bound
Pn ≤ e
nha(f) + o(enha(f))
3was proved in [16, 15]. Our contribution here is that the gap between Pn and its expected
asymptotic is the number of exotic periodic points of period n. This will be obtained as a
direct consequence of our study of the excess intersection of analytic sets.
If X is Pk and f is a non-invertible holomorphic endomorphism, then every periodic
point is isolated, i.e, Γn intersects ∆ properly. In this case, (1.1) is obtained easily by us-
ing Be´zout’s theorem, see [22]. In general, the fact that Γn doesn’t intersects ∆ properly
is a main difficulty in estimating Pn. This explains the need to have a good intersection
theory for analytic sets or currents where the dimension excess phenomenon occurs.
Here is a list of other cases where the asymptotic of Pn was known (and the equidis-
tribution of periodic points was also proved except for the last case):
• X = Pk and f is a He´non-type map by Dinh-Sibony [24],
• Meromorphic self-maps with dominant topological degree on compact Ka¨hler mani-
folds by Dinh-Nguyeˆn-Truong [14], see also Dinh-Sibony [17],
• Algebraically stable meromorphic self-maps on compact Ka¨hler surfaces satisfying
certain additional conditions by Diller-Dujardin-Guedj [9] and Dinh-Nguyeˆn-Truong [15],
see also [6],
• Area-preserving birational maps of projective surfaces with certain additional condi-
tions by Iwasaki-Uehara [36].
Our second main result concerns the algebraic entropy and Pn in the non-Ka¨hler case.
Theorem 1.2. Let X be a compact complex surface and f a meromorphic self-map of X.
Then the algebraic entropy ha(f) of f is a finite bi-meromorphic invariant of f and
ht(f) ≤ ha(f) <∞,(1.2)
and
lim sup
n→∞
1
n
logPn ≤ ha(f).(1.3)
The new point in the above theorem is the case where X is non-Ka¨hler. We refer to
[34, 43] for examples of self-maps on non-Ka¨hler manifolds. We don’t know whether
dq are finite for general X of dimension > 2. When X is a Ka¨hler manifold of arbitrary
dimension, (1.3) is proved by Dinh-Nguyeˆn-Truong [15, Th. 1.1]. The upper bound (1.2)
was proved by Gromov [34] for holomorphic self-maps of compact Ka¨hler manifolds
and by Dinh-Sibony [20, 21] for meromorphic self-correspondences of compact Ka¨hler
manifolds. The proofs in these last papers use, in an essential way, a regularisation
theorem for closed positive currents in [23] which is not available in the non-Ka¨hler
case.
Theorem 1.2 is a direct consequence of Theorem 4.3 in Section 4 which is in turn
deduced from our study of the intersection of analytic subsets on non-Ka¨hler manifolds.
The paper is organized as follows. In Section 2, we present a generalization of the
theory of tangent currents to non-Ka¨hler manifolds. In Section 3, we use the last theory
to study the intersection of analytic sets. Theorems 1.1 and 1.2 are proved in Section
4. More applications to complex dynamics for non-Ka¨hler manifolds are also given in
Section 4.
Acknowledgments. The author would like to express his gratitude to Tien-Cuong Dinh
and Taeyong Ahn for fruitful discussions on the paper [25]. He also thanks Tuyen Trung
4Truong and Vieˆt-Anh Nguyeˆn for stimulating comments. This research is supported by a
postdoctoral fellowship of Alexander von Humboldt Foundation.
2. TANGENT CURRENTS
Let X be a complex manifold of dimension k and V smooth complex submanifold of
X of dimension l. Let T be a closed positive (p, p)-current on X, where 0 ≤ p ≤ k. We
assume that T has no mass on V. By Federer’s support theorem [28], every closed positive
current can be decomposed into the sum of a closed positive current having no mass on
V and one on V. Hence, the hypothesis on T in fact makes no restriction in our study. Let
suppT be the support of T. Let [V ] be the current of integration along V.
Denote by π : E → V the normal bundle of V in X and E := P(E ⊕ C) the pro-
jective compactification of E. The hypersurface at infinity H∞ := E\E of E is natu-
rally isomorphic to P(E) as fiber bundles over V. We also have a canonical projection
π∞ : E\V → H∞.
Let U be an open subset of X with U ∩ V 6= ∅. Let τ be a smooth diffeomorphism
from U to an open neighborhood of V ∩ U in E which is identity on V ∩ U such that the
restriction of its differential dτ to E|V ∩U is identity. Such a map is called an admissible
map. When U is a small enough tubular neighborhood of V, there always exists an
admissible map τ by [25, Le. 4.2]. In general, τ is not holomorphic. When U is a small
enough local chart, we can choose an admissible holomorphic map by using suitable
holomorphic coordinates on U .
For λ ∈ C∗, let Aλ : E → E be the multiplication by λ on fibers of E. Consider the
family of closed currents (Aλ)∗τ∗T on E|V ∩U parameterized by λ ∈ C
∗.
Definition 2.1. [25, 39] A tangent current T∞ of T along V is a closed positive current on
E such that there are a sequence (λn) ⊂ C
∗ converging to∞ and a collection of admissible
holomorphic maps τj : Uj → E for j ∈ J satisfying the following two properties.
(i)
V ⊂ ∪j∈JUj ,
(ii)
T∞ := lim
n→∞
(Aλn)∗(τj)∗T
on π−1(Uj ∩ V ) for every j ∈ J.
When X is Ka¨hler and suppT ∩ V is compact, the above definition of tangent currents
agrees with that given in [25] and it is proved there that tangent currents always exist
and are independent of the choices of τj . This crucial fact also holds in our setting, see
Lemma 2.2 below. By this reason, the sequence (λn) is called the defining sequence of
T∞. Before introducing a weaker assumption (Hypothesis (H) below) guaranteeing the
existence of tangent currents, we will give some notations and auxiliary results.
Following [25], a bi-Lipschitz map τ˜ from U to an open neighborhood of U ∩V in E is
said to be almost-admissible if τ˜ |U∩V = id, τ˜ is smooth outside V and on every local chart(
W,x = (x′, x′′)
)
near V ∩ U with V ∩W = {x′′ = 0} then
τ˜ (x) =
(
x′ +O∗(|x′′|), x′′ +O∗(|x′′|2)
)
,
and
dτ˜(x) =
(
dx′ +O∗∗(|x′′|), dx′′ +O∗∗(|x′′|2)
)
,
5where for every positive integer m, O∗(|x′′|m) means a function which is continuous out-
side V and is equal to O(|x′′|m) as x′′ → 0; O∗∗(|x′′|m) means the sum of 1-forms with
O∗(|x′′|m) coefficients and a combination of dx′′, dx′′ with O∗(|x′′|m−1).
Note that τ˜∗T is well-defined as a closed current on τ˜(U)\(U ∩ V ) which is of locally
finite mass near U ∩ V because τ˜ is bi-Lipschitz and smooth outside V.We extend τ˜∗T to
be a current of order 0 on τ˜(U) by putting τ˜∗T := 0 on U ∩ V. Although τ˜∗T is actually
closed (see [28, 4.1.14]), we will not need that fact in the sequel. When τ˜ is smooth, it
is clear that τ˜∗T is the usual pushforward of T by τ˜ because T has no mass on V. We will
need to use both admissible and almost-admissible maps.
Lemma 2.2. ([39]) Let T∞ be a tangent current of T along V with the defining sequence
(λn)n∈N. Then for any almost-admissible map τ˜ : U → E, we have
T∞ = lim
n→∞
(Aλn)∗τ˜∗T
on π−1(U ∩ V ).
Proof. We follow closely the arguments from [39]. Let τj , Uj with j ∈ J be as above. Fix
a j ∈ J. Without loss of generality, we can suppose that U = Uj is a local chart. Put
τ := τj . Let (x
′, x′′) be local coordinates on U for which V ∩ U = {x′′ = 0}. Identify E
with (V ∩U)×Ck−l, recall here that l = dimV . Since both τ and τ˜ are almost-admissible,
we have
(2.1)
(τ − τ˜) (x′, x′′) =
(
O∗(|x′′|), O∗(|x′′|2)
)
, (dτ − dτ˜) (x′, x′′) =
(
O∗∗(|x′′|), O∗∗(|x′′|2)
)
,
as x′′ → 0. Let Φ be a smooth form with compact support in π−1(U ∩ V ) ⊂ E and denote
Φλ := (Aλ)
∗Φ.
Notice that |x′′| . |λ|−1 on the support of τ ∗Φλ− τ˜
∗Φλ. Using this fact and (2.1), on U\V,
we have
τ ∗Φλ − τ˜
∗Φλ =
1
|λ|
τ ∗A∗λΨλ
where Ψλ are forms on π
−1(U ∩ V )\V supported in a fixed compact subset of E and the
coefficients of Ψλ are uniformly bounded on π
−1(U ∩ V ) in λ. Let Ω be a positive form
with compact support on π−1(U ∩ V ) such that Ψλ ≤ Ω on π
−1(U ∩ V )\V for every λ.
Since (Aλ)∗τ∗T is positive and T has no mass on V , we have∣∣〈T, τ ∗Φλ − τ˜ ∗Φλ〉∣∣ = ∣∣〈T, 1U\V (τ ∗Φλ − τ˜ ∗Φλ)〉∣∣
≤ |λ|−1
∣∣〈(Aλ)∗τ∗T,Ψλ〉∣∣ ≤ |λ|−1∣∣〈(Aλ)∗τ∗T,Ω〉∣∣.
By the hypothesis, limλn→∞(Aλn)∗τ∗T = T∞. Thus the mass of (Aλn)∗τ∗T on compact sets
is bounded uniformly in λn. This gives∣∣〈T, τ ∗Φλn − τ˜ ∗Φλn〉∣∣ ≤ C|λn|−1.(2.2)
for some constant C independent of n. Hence limn→∞(Aλn)∗τ˜∗T = T∞. The proof is
finished. 
For two closed positive currents T1, T2 on X. Consider the tensor current T1 ⊗ T2 on
X × X. A density current associated to T1, T2 is a tangent current of T1 ⊗ T2 along the
diagonal ∆ of X × X. Consider a particular case where T1 := T and T2 := [V ]. We
6will show that a density current associated to T, [V ] corresponds naturally to a tangent
current of T along V.
Observe that we have natural identifications T(X2) ≈ TX × TX between vector bun-
dles, where TX is the tangent bundle of X and ∆ ≈ X. Since V ⊂ X ≈ ∆, there is a
canonical inclusion ı from TV to (TX × {0})|∆ which is a subbundle of T(X
2)|∆. Let F
be the image of ı(TV ) in the normal bundle E∆ = T(X
2)/T∆. Put ∆V := {(x, x) ∈ X
2 :
x ∈ V }. Let E∆,V be the restriction of E∆ to ∆V . Observe that F is a subbundle of E∆,V
of rank l and the natural map
Ψ : E∆,V /F → E = TX/TV
is an isomorphism. Let pV : E∆,V → E∆,V /F be the natural projection.
Lemma 2.3. ([25, Le. 5.4]) If T∞ is a tangent current of T along V, then the current
p∗VΨ
∗T∞ is a tangent current of T ⊗ [V ] along ∆. Conversely, every tangent current of
T ⊗ [V ] along ∆ can be written as p∗VΨ
∗T∞ for some tangent current T∞ of T along V.
Proof. Firstly notice that every tangent current of T ⊗ [V ] along ∆ is supported on
π−1∆
(
(suppT × V ) ∩∆
)
, where π∆ is the natural projection from E∆ to ∆. Hence, a such
current is supported on E∆V .
Let T∞ be a tangent current of T along V and (λn) its defining sequence. Consider a
local chart (U, x) of X with U = U ′ × U ′′ and x = (x′, x′′) so that V ∩ U is given by the
equation x′′ = 0 and 0 ∈ U.We then obtain an induced local chart U×U with coordinates
(x, y) onX×X with x = (x′, x′′) and y = (y′, y′′). The diagonal∆ is given by the equation
x = y on U × U. Put z = (z′, z′′) := x − y, z′ = x′ − y′, z′′ = x′′ − y′′. Thus, for an open
subset U1 = U
′
1 × U
′′
1 of U small enough containing 0,
(
U21 , (x, z)
)
is also a local chart on
X2 with ∆ = {z = 0}.
Using the local coordinates (x, z), we identify the tangent bundle of X2 on U21 with
U21 ×C
2k and E∆ with U1×C
k which is embedded in U21 ×C
2k as U1×{0}×C
k. Similarly
we also identify TX on U with U × Ck and E with U ′ × Ck−l. With these identifications,
we see that
E∆,V ≈ U
′ × Ck, F ≈ U ′ × Cl × {0}.
It follows that
pV : U
′ × Ck → U ′ × {0} × Ck−l, Ψ : U ′ × {0} × Ck−l → U ′ × Ck−l.
We also have that the identity maps idU : U → U and idU2
1
: U21 → U
2
1 are (local)
holomorphic admissible maps for V,∆ on X,X2 respectively. By definition of T∞, we get
T∞ = limn→∞(Aλn)∗T on U
′ × Ck−l. Thus
p∗VΨ
∗T∞ = lim
n→∞
p∗VΨ
∗(Aλn)∗T = lim
n→∞
(Aλn)∗p
∗
VΨ
∗T(2.3)
because (Aλ)∗ = A
∗
λ−1 and Aλ−1 commutes with the vector bundle maps pV ,Ψ. We now
prove that (Aλn)∗(T ⊗ [V ]) is convergent on U
2
1 ×C
k−l. Let Φ = Φ0(x
′)∧Φ1(x
′′)∧Φ2(z
′)∧
Φ3(z
′′) be a smooth form with compact support in U1×C
k. The set of forms Φ is dense in
C∞-topology in the space of smooth forms with compact support. We consider first the
case where Φ1 is a function in x
′′. Without loss of generality, we can assume Φ1(0) = 1.
7We have
〈
(Aλn)∗(T ⊗ [V ]),Φ
〉
=
〈
T ⊗ [V ],Φ0(x
′) ∧ Φ1(x
′′) ∧ Φ2(λnz
′) ∧ Φ3(λnz
′′)
〉(2.4)
=
〈
T (x),Φ0(x
′) ∧ Φ1(x
′′) ∧ Φ3(λnx
′′) ∧
∫
y′∈V
Φ2
(
λn(x
′ − y′)
)〉
=
〈
T (x),Φ0(x
′) ∧ Φ3(λnx
′′) ∧
∫
(y′,0)∈V
Φ2
(
λn(x
′ − y′)
)〉
+O(|λn|
−1)
because x′′ → 0 as λn → ∞ and (Aλn)∗T is of uniformly bounded mass on compact
subsets of U ′ × Ck−l. Observe that∫
(y′,0)∈V
Φ2
(
λn(x
′ − y′)
)
=
∫
z′∈x′−U ′
1
Φ2(λnz
′) =
∫
z′∈λ−1n (x′−U
′
1
)
Φ2(z
′) =
∫
Cl
Φ2
for every x′ in a fixed compact set if n big enough because suppΦ2 ⋐ C
l which is contained
in λ−1n (x
′ − U ′1) if |λn| is big. This together with (2.4) implies〈
(Aλn)∗(T ⊗ [V ]),Φ
〉
=
〈
T (x),Φ0(x
′) ∧ Φ3(λnx
′′) ∧ [
∫
Cl
Φ2]
〉
+ on→∞(1)(2.5)
=
〈
(Aλn)∗T,Φ0(x
′) ∧ Φ3(x
′′) ∧ [
∫
Cl
Φ2]
〉
+ on→∞(1).
Notice that
Φ|E∆,V = Φ0(x
′) ∧ Φ2(z
′) ∧ Φ3(z
′′)
because Φ1(0) = 1. Using this and (2.3) gives〈
p∗VΨ
∗T∞,Φ|E∆,V
〉
=
〈
T∞,Ψ∗(pV )∗(Φ|E∆,V )
〉
(2.6)
=
〈
T∞,Ψ∗(pV )∗[Φ0(x
′) ∧ Φ2(z
′) ∧ Φ3(z
′′)]
〉
=
〈
T∞,Φ0(x
′) ∧ Φ3(x
′′)[
∫
Cl
Φ2]
〉
.
Comparing (2.6) and (2.5) gives limn→∞(Aλn)∗(T ⊗ [V ]) = p
∗
VΨ
∗T∞. Consider now Φ1
is a form of degree ≥ 1. Then Φ|E∆,V = 0. It follows that 〈p
∗
VΨ
∗T∞,Φ〉 = 0. On the
other hand, we also see from (2.4)-(2.5) that
〈
(Aλn)∗(T ⊗ [V ]),Φ
〉
→ 0 as n → ∞.
Consequently, limn→∞(Aλn)∗(T ⊗ [V ]) = p
∗
VΨ
∗T∞ holds in the both cases.
We now assume that T ′∞ := limn→∞(Aλn)∗(T ⊗ [V ]) exists. Then, by choosing Φ1(x
′′) ≡
1 in the above defining formula of Φ and using (2.4)-(2.6), we obtain that (Aλn)∗T is of
uniformly mass on compact subsets of U ′ × Ck−l. Hence, there is a subsequence (λ′n) of
(λn) for which (Aλ′n)∗T → T∞ for some T∞.
The first part of the proof then implies that T ′∞ = p
∗
VΨ
∗T∞. Hence, T∞ is the unique
limit current of the sequence (Aλn)∗T . In other words, limn→∞(Aλn)∗T = T∞ and T
′
∞ =
p∗VΨ
∗T∞. This finishes the proof. 
Let σ : X̂ → X be the blowup along V ofX and V̂ := σ−1(V ) the exceptional hypersur-
face. Recall that V̂ is naturally biholomorphic to P(E). Let σE : Ê → E the blowup along
V of E. The restriction of σE to Ê := σ
−1
E (E) is the blowup along V of E. The projection
π induces naturally a vector bundle projection πÊ from Ê to σ
−1
E (V ). The last map can
be extended to a projection π
Ê
from Ê to σ−1E (V ). The vector bundle πÊ : Ê → σ
−1
E (V )
8is naturally identified with the normal bundle of V̂ in X̂. Hence we can identify σ−1E (V )
with V̂ and use Ê as the normal bundle of V̂ in X̂.
Given any smooth admissible map τ : U → E, by [25, Le. 4.3], we can lift τ to a
bi-Lipschitz almost-admissible map τ̂ with
σE ◦ τ̂ = τ ◦ σE .(2.7)
Observe that the hypersurface at infinity Ĥ∞ of Ê is biholomorphic to that of E via σE .
We use π̂∞ to denote the natural projection from Ê\V̂ to Ĥ∞. Since the rank of Ê over
V̂ is 1, we can extend π̂∞ to a projection from Ê to Ĥ∞. Let T̂ be the pull-back of T on
X̂\V̂ by σ|X̂\V̂ .We assume from now on the following.
(H): T̂ has locally finite mass near V̂ and there are countably many holomorphic admis-
sible maps τ̂j : Ûj → Ê with j ∈ J such that V̂ ⊂ ∪j∈J Ûj, (Aλ)∗(τ̂j)∗T̂ is of uniformly
bounded mass on compact subsets of π−1
Ê
(Ûj ∩ Û) as |λ| → ∞ for every j ∈ J.
Wewill prove in Theorem 2.6 at the end of this section that the last assumption is satisfied
if suppT ∩ V is compact and there exists a Hermitian form ω on X with ddcωj = 0 on V
for 1 ≤ j ≤ k − p − 1. This generalizes the criteria given in [25, Th. 4.6, Le. 3.12] for
Ka¨hler manifold X where the above form ω is a Ka¨hler form on X. Another interesting
case where (H) is satisfied is when T is a current of integration along an analytic subset
of X, see Theorem 3.1 in the next section.
Note that since T̂ has locally finite mass near V̂ , it can be extended trivially through
V̂ to be a closed positive current on X̂. We still use Aλ to denote the multiplication by
λ ∈ C∗ in fibers of Ê or Ê.
By a diagonal argument, Hypothesis (H) ensures the existence of a tangent current
T̂∞ to T̂ along V̂ associated with a sequence (λn) ⊂ C → ∞. The following result is
essentially contained in [25].
Proposition 2.4. For any smooth admissible map τ : U → E, the mass (Aλ)∗τ∗T on
compact subsets of E|V ∩U is uniformly bounded in λ ∈ C
∗ with |λ| & 1. Every tangent
current T∞ to T along V satisfies
T∞ = (σE)∗T̂∞(2.8)
for some tangent current T̂∞ of T̂ along V̂ . There exists a closed positive current Ŝ∞ on Ĥ∞
such that
T̂∞ = π̂
∗
∞Ŝ∞, T∞ = π
∗
∞S∞(2.9)
for S∞ := (σE)∗Ŝ∞.
Since π∞ is only a submersion from E\V to H∞, in the second equality of (2.9), the
current π∗∞S∞ is a` priori a closed positive current on E\V which can be extended to
be a current on E trivially through V because it has locally bounded mass there. A
direct consequence of (2.9) is that T∞ can be extended to be a closed positive current
on E having no mass on V. We still have that the de Rham cohomology of every tangent
current T∞ is the same as in [25]. But we don’t need to use that fact in this paper.
9Proof. Although the desired assertions can be deduced more or less by using similar
arguments from [25], we opt to give a complete proof for the readers’ convenience.
Let τ be as in the statement and τ̂ : Û → Ê the lift of τ to Û = σ−1E (U) as above. By
(2.7) and the fact that T, T̂ have no mass on V, V̂ respectively, we have〈
(Aλ)∗τ̂∗T̂ , σ
∗
EΦ
〉
=
〈
(Aλ)∗τ∗T,Φ
〉
(2.10)
for every smooth formΦwith compact support inE|V ∩U . Recall that τ̂ is almost-admissible.
By Lemma 2.2 and (H), the mass of (Aλ)∗τ̂∗T̂ is uniformly bounded on compact subsets
of π−1
Ê
(Û ∩ V̂ ). Using this and (2.10) implies the first desired assertion.
Let T∞ be a tangent current with the defining sequence (λn). By using a subsequence
of (λn) if necessary, we can assume also that (Aλn)∗τ̂∗T̂ converges to a tangent current
T̂∞ of T̂ along V̂ . Substituting λ = λn in (2.10) and letting n→∞ give〈
T̂∞, σ
∗
EΦ
〉
=
〈
T∞,Φ
〉
.(2.11)
Hence, the equality (2.8) follows.
We claim that T̂∞ have no mass on V̂ . To see it, let
(
Û ′1 × Û
′′
1 , (x̂
′, x̂k)
)
be a relatively
compact local chart of X̂ with x̂′ = (x̂1, . . . , x̂k−1) so that V̂ is given by x̂k = 0. Since
the restriction of T̂∞ to V̂ is a closed positive current, it is the pushforward of a closed
positive current on V̂ . It follows that the mass of T̂ on V̂ ∩ (Û ′1 × Û
′′
1 ) is
. 〈T̂∞, 1Û ′
1
×Û ′′
1
(ddc‖x̂′‖)k−l〉 = lim
n→∞
〈T̂ , A∗λn(1Û ′
1
×Û ′′
1
(ddc‖x̂′‖)k−l)〉
= lim
n→∞
〈T̂ , (1Û ′
1
×(λ−1n Û ′′1 )
(ddc‖x̂′‖)k−l)〉 = 0
because T̂ has no mass on V̂ .
We now prove (2.9). To this end, we first check that T̂∞ is V̂ -conic, i.e, (At)
∗T̂∞ = T̂∞
for every t ∈ C∗. Let the local coordinates be as above. Let Φ = Φ1(x̂
′) ∧ Φ2(x̂k) be a
smooth form with compact support on Û ′1 × C. Observe that (At)
∗Φ2 and Φ2 belongs to
the same cohomology class with compact support in C because their integrals over C are
equal.
Since H2c (C,C) is of dimension 1, there exists a smooth 1-form Θ(xk) with compact
support on C for which (At)
∗Φ2 − Φ2 − dΘ is a 1-form in xk, i.e,
(At)
∗Φ2 − Φ2 − dΘ = a(xk)dxk + b(xk)dxk.
Using this, the closedness of T and Cauchy-Schwarz inequality, we obtain that∣∣∣∣〈(Aλ)∗T,Φ1 ∧ ((At)∗Φ2 − Φ2)〉
∣∣∣∣ =
∣∣∣∣〈(Aλ)∗T,Φ1 ∧ ((At)∗Φ2 − Φ2 − dΘ)± dΦ1 ∧Θ〉
∣∣∣∣
.
〈
(Aλ)∗T, (dd
cx̂)k−l
〉〈
(Aλ)∗T, 1suppΦ(dd
cx̂′)k−l
〉
.
The first term in the right-hand side of the last inequality is uniformly bounded in λ,
whereas the second one converges to 0 as λ→∞ because (ddcx̂′) is invariant by Aλ and
supp(Aλ)
∗Φ converges to V. Letting λ→∞ gives (Aλ)∗T∞ = T∞.
Observe that if θ is a smooth closed positive form on Û1 := Û
′
1 × Û
′′
1 then T̂∞ ∧ π
∗
Ê
(θ|V )
is a tangent current of T̂ ∧θ along V̂ on Û1 with the same defining sequence (λn). Choose
a such θ of bidegree (k − p, k − p). We obtain that µ := T̂∞ ∧ π
∗
Ê
(θ|V̂ ) is a nonnegative
measure on π−1
Ê
(Û1 ∩ V̂ ) which has no mass on V̂ because T̂∞ has no mass on V̂ .
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On the other hand, since T̂∞ ∧ π
∗
Ê
(θ|V̂ ) is V̂ -conic, for any smooth positive cut-off
function χ(x̂′, x̂k) supported on Û1, we have
〈µ, χ〉 = 〈µ,A∗tχ〉
for every t ∈ C∗. Letting t → ∞ in the last equality and observing that the limit supre-
mum of the uniformly bounded functions A∗tχ as |t| → ∞ is a function supported on
πÊ(suppχ) ⊂ V̂ ∩ Û1, we obtain
|〈µ, χ〉| . ‖1V̂ ∩Û1µ‖ = 0.
Thus, µ = 0. Or in other words, T̂∞ ∧ π
∗
Ê
(θ|V̂ ) = 0 for every smooth closed positive form
θ of bidegree (k− p, k− p). It follows that in the local coordinates (x̂′, t) of Ê, the current
T̂∞ must have the following form:
T̂∞ =
∑
I,I′
αI,I′(x̂
′, t)dx̂′I ∧ dx̂
′
I′ ,(2.12)
for some Radon measures αI,I′ on Ê, where the sum is taken over I, I
′ with I, I ′ ⊂
{1, . . . , k − 1} and I, I ′ are of cardinality p. Since T̂∞ is closed, αI,I′ is independent of t.
As a result, we obtain a current Ŝ∞ on Û1 for which T̂∞ = π
∗
Ê
Ŝ∞ on π
−1
Ê
(Û1). The last
formula tells us that Ŝ∞ is independent of local coordinates and local charts. Hence, Ŝ∞
is a well-defined closed positive current on V̂ for which T̂∞ = π
∗
Ê
Ŝ∞.
Now notice that (πÊ)|Ĥ∞ is a biholomorphism between Ĥ∞ and V̂ . So we can identify
these two submanifolds via that biholomorphism. We then view S∞ as a current on Ĥ∞.
Observe now the fiber of πÊ at x̂ ∈ V only differs to the fiber of π̂∞ at (πÊ)|
−1
Ĥ∞
(x̂) at two
points. This implies that T̂∞ = π̂
∗
∞Ŝ∞. This proves the first equality of (2.9). The second
equality follows directly from the first one and the following formulae:
T∞ = [(σE |Ê\V̂ )
−1]∗(T̂∞), π̂∞ ◦ (σE |Ê\V̂ )
−1 = (σE |Ê\V̂ )
−1 ◦ π∞.
This ends the proof. 
Recall that [V̂ ] is a current of bidegree (1, 1). Thus, [V̂ ] can be represented as the sum
ddcû + β for some smooth form β and some quasi-plurisubharmonic function û on X̂. A
such û is called a potential of [V̂ ].
Proposition 2.5. Assume that T̂ ∧ [V̂ ] is well-defined in the classical sense, that means
that potentials of [V̂ ] are locally integrable with respect to the trace measure of T̂ . Then the
tangent current to T along V is unique and is given by
T∞ = π
∗
∞(T̂ ∧ [V̂ ]),
where recall that we identified V̂ with P(E) and identified T̂ ∧ [V̂ ] with a current on V̂ .
Proof. By [39], there is a unique tangent current R of T̂ ⊗ [V̂ ] along the diagonal ∆X̂
of X̂ × X̂ and R is equal to π∗∆
X̂
(T̂ ∧ [V̂ ]) by identifying X̂ with ∆X̂ , where π∆X̂ is the
projection from the normal bundle E∆
X̂
onto ∆X̂ . Hence, by Lemma 2.3, there exists
uniquely a tangent current of T̂ along V̂ which is given by π∗
Ê
(T̂ ∧ [V̂ ]). This combined
with (2.9) yields that
S∞ = T̂ ∧ [V̂ ].
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The desired equality then follows. The proof is finished. 
Let ω be a positive definite Hermitian form on X. Let U be a relatively compact subset
of X. If codimV ≥ 2, let ω̂h be a Chern form of O(−V̂ ) whose restriction to each fiber of
V̂ ≈ P(E) is strictly positive, otherwise we simply put ω̂h := 0. By scaling ω if necessary,
we can assume that ω̂ := σ∗ω + ω̂h > 0 on Û := σ
−1(U). The following result generalizes
[25, Th. 4.6].
Theorem 2.6. Let X be a complex manifold. Let T be a closed positive current of bidimen-
sion (q, q) on X for q ≥ 0 and V a smooth submanifold of X. Assume that
(i) suppT ∩ V is compact and T has no mass on V ,
(ii) there exists a Hermitian form ω on X for which ddcωj = 0 on V for 1 ≤ j ≤ q − 1.
Then Assumption (H) holds for X, V, T . Moreover, given any compact K and relatively
compact open subset U in X such that K ⊂ U and suppT ∩ V ⊂ K, there exists a constant
c independent of T for which
‖T̂‖K̂ ≤ c‖T‖U , ‖T∞‖ ≤ c‖T‖U ,(2.13)
for every tangent current T∞ of T along V, where K̂ := σ
−1(K).
Here for every current S of order 0 on X and U ⊂ X, ‖S‖U denotes the mass of S on
U.
Proof. We use ideas from [25]. If q = 0, then T is a measure having no mass on V and
T∞ = 0. The desired assertions obviously hold. Consider now q ≥ 1. We first show that
the mass of T̂ is locally bounded near V̂ . Let W,WT be open neighborhoods of V, suppT
respectively such that WT ∩ W is relatively compact in X. Fix ω as in Assumption (ii)
and ω̂h, ω̂ as above. We can assume also that K ⊂WT ∩W ⋐ U .
Let ϕ be a quasi-p.s.h. function ϕ on X such that suppϕ ⊂W and
σ∗ω̂h = dd
cϕ+ η(2.14)
for some smooth closed form η on X. By multiplying ω̂h by a strictly positive constant,
we have
σ∗σ∗ω̂h = ω̂h + [V̂ ]
if codimV ≥ 2. Indeed one only needs to check it locally. Hence, we can reduce this
question to the Ka¨hler case where the desired identity is already known. Thus we have
|ϕ(x)− log dist(x, V )| . 1(2.15)
on compact subsets of U provided that codimV ≥ 2.
Put Ŵ := σ−1(W ) and ŴT := σ
−1(WT ). Clearly ŴT ∩ Ŵ ⋐ X̂. If V is a hypersurface,
the first inequality of (2.13) is clear because T̂ = T. Consider codimV ≥ 2. Since T̂ has
no mass on V̂ , using the fact that σ∗ω̂h is smooth outside V and σ∗σ
∗ω = ω, we have∫
K̂
T̂ ∧ ω̂q =
∫
K\V
T ∧ σ∗(ω̂
q) =
∫
K\V
T ∧ (ddcϕ+ η + ω)q(2.16)
≤
∫
U\V
T ∧ (ddcϕ+ cω)q,
for some positive constant c independent of T with ddcϕ+ cω ≥ 0.
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For a positive constant M, put ϕM := max{ϕ,−M}. Note that dd
cϕM + cω ≥ 0. Since
the positive current T ∧ (ddcϕM +cω)
q converges to T ∧ (ddcϕ+cω)q on X\V asM →∞,
using (2.16), we get
‖T̂‖K̂ . lim infM→∞
∫
U\V
T ∧ (ddcϕM + cω)
q ≤ lim inf
M→∞
AM ,(2.17)
where
AM :=
∫
U
T ∧
(
ddcϕM + cω
)q
.
Using Assumption (ii), we observe that AM can be written as a linear combination of
AM,j :=
∫
U
T ∧ (ddcϕM)
j ∧ ωj (0 ≤ j ≤ q)
with coefficients of absolute values bounded a constant independent of T, where ωj is a
smooth (q − j, q − j)-form depending only on ω such that ddcωj = 0 on V. So we only
need to bound AM,j. We will prove that
|AM,j| . ‖T‖U(2.18)
for 0 ≤ j ≤ q by induction on j. When j = 0, (2.18) is also clear. Assume that (2.18)
holds for every 1, . . . , j − 1. This in particular implies
‖T ∧
(
dd
cϕM + cω
)j−1
‖ . ‖T‖U .(2.19)
Since T ∧ (ddcϕM)
j−1 can be written as a linear combination of T ∧
(
ddcϕM + cω
)s
for
0 ≤ s ≤ l − 1, we deduce from (2.19) that
‖T ∧ (ddcϕM)
j−1‖ . ‖T‖U .(2.20)
By (2.15), for M big enough we have suppT ∩ suppϕM ⊂ WT ∩W which is compact in
X. Thus using Stokes’ theorem, one obtains
AM,j =
∫
U
ϕMdd
c(T ∧ ωj) ∧ (ddcϕM)
j−1
=
∫
U
T ∧ (ddcϕM)
j−1 ∧ ϕMdd
cωj ≤ ‖ϕMdd
cωj‖C 0‖T ∧ (dd
cϕM)
j−1‖U
. ‖ϕMdd
cωj‖C 0‖T‖U
because of (2.20). By (2.15) and the fact that dd
cωj = 0 on V , the C
0-norm of the
form ϕMdd
cωj is bounded independently of M . Thus we get (2.18) for j. It follows that
AM . ‖T‖ forM big enough. This combined with (2.17) gives ‖T̂‖K̂ . ‖T‖U .
Now it remains to show that (Aλ)∗(τ̂j)∗T̂ is of uniformly mass on compact subsets of
π−1
Ê
(Ûj) for some suitable holomorphic admissible maps τ̂j : Ûj → Ê with V̂ ⊂ ∪jÛj .
Notice that T∞ is supported in π
−1(suppT ∩ V ) ⊂ K̂.
Let (Ûj)j be a family of local charts biholomorphic to D
k covering V̂ ∩ WT and x̂ =
(x̂1, . . . , x̂k) local coordinates on Ûj such that V̂ ∩ Ûj is given by x̂1 = 0. Identify Ê with
V̂ × C. Let τ̂j : Ûj → V̂ × C be the identity map.
Let ρ := dx̂1 or dx̂1. Since T∞ is the pullback of a current on H∞ via π∞, in order to
bound the mass of T∞, it suffices to bound the mass of |λ|(T̂ ∧ ρ) on Zλ := {|x̂1| ≤ |λ|}
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and and the mass of |λ|2(T̂ ∧ ddc|x̂1|
2) on Zλ. By the Cauchy-Schwarz inequality,
‖T̂ ∧ ρ‖Zλ . ‖T̂‖
1/2
Zλ
‖T̂ ∧ ddc|x̂1|
2‖
1/2
Zλ
.
Thus, it is enough to estimate ‖T̂∧ddc|x̂1|
2‖Zλ . This is already done in [25]. We reproduce
arguments here for the readers’ convenience.
Put Ŵ := σ−1(W ). Let u be a quasi-p.s.h. function on X̂ such that u vanishes outside
Ŵ and u is a potential of [V̂ ] on a small enough open neighborhood Ŵ1 ⋐ Ŵ of V̂ i.e,
[V̂ ] = ddcu+β, for some smooth form β on Ŵ . Note that Ŵ ∩suppT is relatively compact
in X̂. We have ∣∣u(x̂)− log |x̂1|∣∣ ≤ A
on Ûj for every j and some constant A independent of j.
Put s := log |λ|.We only need to consider |λ| big, say, |λ| ≥ e3A. Thus u ≤ − log |λ|+2A
on Zλ. Let χλ be a convex increasing function bounded from below onR such that χλ(t) =
t for t ≥ − log |λ|+ 3A and 0 ≤ χ′ ≤ 1 and
χ′′λ(t) = e
2t+2 log |λ|−5A
for t ≤ − log |λ|+2A. Put φλ := χλ ◦ u which is bounded and supported on Ŵ . Hence we
get
suppφλ ∩ suppT̂ ⋐ X̂.(2.21)
We also have
|φλ(x̂)| .
∣∣ log |x̂1|∣∣.(2.22)
Direct computations (see [25, Le. 2.11]) give
dd
c‖x̂1‖
2 ≤ c|λ|−2(ddcφλ + ω̂)
on Zλ for some constant c independent of λ. This implies that
‖T̂ ∧ ddc|x̂1|
2‖Zλ =
∫
Zλ
T ∧ ddc|x̂1|
2 ∧ ω̂q−1 . |λ|−2
∫
ŴT∩Ŵ
T̂ ∧ (ddcφλ + ω̂) ∧ ω̂
q−1.
Observe that ddc(ω̂q−1) = 0 on V̂ . This together with (2.22) and (2.21) allows us to argue
as before to obtain that
‖T̂ ∧ ddc|x̂1|
2‖Zλ . |λ|
−2‖T̂‖ŴT∩Ŵ . |λ|
−2‖T‖.
The proof is finished. 
We now study the continuity of tangent currents as T converges to another current.
Such a property is crucial in applications. WhenX is Ka¨hler, we give a sufficient condition
ensuring the continuity of the total tangent classes, see Proposition 2.10 below. On the
other hand, for a general non-Ka¨hler compact manifold X, the de Rham cohomology
class of a positive closed current can be vanished. So the use cohomology classes of closed
positive currents in a general complex manifolds is not as efficient as usual. Proposition
2.9 below serves as a substitute for the semi-continuity theorem in [25, Th. 4.11].
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Lemma 2.7. Let Y be a complex manifold and Z a complex hypersurface of Y . Let ξ be a
smooth closed (1, 1)-form on Y such that [Z] = ddcu + ξ for some quasi-p.s.h. function u
which is smooth outside Z and has a log singularity near Z. Let Rn be a sequence of closed
positive currents of bidimension (q, q) on Y converging to a current R∞. Assume that
(i) there exists a compact K of Y for which suppRn ∩ Z ⊂ K for every n,
(ii) Rn ∧ [Z] and (1Y \ZR∞) ∧ [Z] are classically well-defined for every n, where 1Y \Z is
the characteristic function of Y \Z.
Then for every smooth 2(q − 1)-form Ω on Y with ddcΩ = 0 on Z, we have
lim
n→∞
〈Rn ∧ [Z],Ω〉 =
〈
(1Y \ZR∞) ∧ [Z],Ω
〉
+ 〈1ZR∞, ξ ∧ Ω〉,(2.23)
where we extended the closed positive current 1Y \ZR∞ trivially through Z to obtain a current
on Y and 1ZR∞ is viewed as a current on Z.
Proof. By (i) there is a cut-off function χ compactly supported on Y such that 0 ≤ χ ≤ 1
and χ ≡ 1 on an open neighborhood W of Z with W ∩ suppRn ⋐ K
′ for every n and
some fixed compact K ′ independent of n. Since the support of Rn ∧ [Z] is contained in
W, we get
〈Rn ∧ [Z],Ω〉 = 〈Rn ∧ [Z], χΩ〉 = 〈Rn ∧ (dd
cu+ ξ), χΩ〉
= 〈Rn ∧ ξ, χΩ〉+
∫
Y
Rn ∧ (uχdd
cΩ)+
+
∫
Y
uRn ∧
(
ddcχ ∧ Ω− dcχ ∧ dΩ + dχ ∧ dcΩ
)
.
Denote by I1, I2, I3 respectively the first, second and third terms in the right-hand side of
the last formula. Clearly,
I1 → 〈R∞ ∧ ξ, χΩ〉 = 〈(1Y \ZR∞) ∧ ξ, χΩ〉+ 〈1ZR∞ ∧ ξ,Ω〉
and
I2 →
∫
Y
u (1Y \ZR∞) ∧
(
ddcχ ∧ Ω− dcχ ∧ dΩ+ dχ ∧ dcΩ
)
because u is smooth outside Z and dχ, dcχ vanish near Z. On the other hand, since
ddcΩ = 0 on Z, the form uχddcΩ is continuous on Y and equal to 0 on Z. This implies
that
I2 →
∫
Y
R∞ ∧ (uχdd
cΩ) =
∫
Y
(1Y \ZR∞) ∧ (uχdd
cΩ).
The desired limit (2.23) then follows. The proof is finished. 
Definition 2.8. ([25]) For a positive current R in P(E), the h-dimension of R is the biggest
integer s for which R ∧ π∗ωsV 6= 0, where ωV is a Hermitian metric on V.
Observe that by a bidegree reason, if (p, p) denotes the bidegree of R, then the h-
dimension of R is at least (l−p), where l is the dimension of V. The following is a version
of the semi-continuity theorem [25, Th. 4.11].
Proposition 2.9. Let X be a complex manifold. Let (Tn)n∈N be a sequence of closed positive
currents of bidimension (q, q) converging to a current T. Assume that
(i) Tn has no mass on V and suppTn ∩ V ⊂ K for some compact K ⊂ U independent of
n,
(ii) the products T̂n ∧ [V̂ ], T̂∞ ∧ [V̂ ] are well-defined in the classical sense for every n,
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(iii) ddcωj = 0 on V for 1 ≤ j ≤ q − 1.
Then for
T̂n,j := T̂n ∧ [V̂ ] ∧ ω̂
q−j−1, T̂∞,j := T̂∞ ∧ [V̂ ] ∧ ω̂
q−j−1
then the following three properties hold:
(i)
lim
n→∞
σ∗T̂n,j = 0(2.24)
for j > j∞, where j∞ is the h-dimension of T̂∞ ∧ [V̂ ] (recall V̂ ≈ P(E)),
(ii)
lim sup
n→∞
〈σ∗T̂n,j∞, ω
j∞〉 ≤ 〈σ∗T̂∞,j∞, ω
j∞〉.(2.25)
(iii) if moreover q + l ≥ k + j∞, we have
lim
n→∞
〈σ∗T̂n,j , ω
j〉 = 〈σ∗T̂∞,j, ω
j〉(2.26)
for every 0 ≤ j ≤ q − 1.
Note that if q ≥ 3, Condition (iii) is equivalent to that ddcω = ∂ω ∧ ∂ω = 0 on V.
If Tn are currents of integration along analytic sets, then the assumption of Proposition
2.9 on Tn is automatically satisfied. This is the case in our application to the problem of
estimating the number of isolated periodic points of meromorphic self-maps later.
Proof. By extracting a subsequence, we can assume that T̂n → T̂
′. We have 1X̂\V̂ T̂
′ = T̂ .
Put Ŝ := 1V̂ T̂
′. Denote by jn the h-dimension of T̂n ∧ [V ] and jŜ the h-dimension of Ŝ. By
extracting a subsequence, without loss of generality, we can assume that jn are all equal
and denote by j∗ this number.
Notice that [V̂ ] = ddcu − ω̂h for some quasi-p.s.h. u by the choice of ω̂h. By (iii),
ddcω̂j = 0 on V̂ for 1 ≤ j ≤ q − 1. Hence if θ := ωj or θ is a closed smooth form of X,
then Ω := ω̂q−j−1 ∧ σ∗θ is ddc-closed. This allows us to apply Lemma 2.7 to Y := X̂,
Z := V̂ , ξ := −ω̂h, Rn := T̂n and Ω. We then obtain that
(2.27) lim
n→∞
∫
X̂
T̂n ∧ [V̂ ] ∧ ω̂
q−j−1 ∧ σ∗ωj =
∫
X̂
T̂∞ ∧ [V̂ ] ∧ ω̂
q−j−1 ∧ σ∗ωj+
−
∫
V̂
Ŝ ∧ ω̂h ∧ ω̂
q−j−1 ∧ σ∗ωj.
Denote by In(j), I∞(j), IŜ(j) respectively the first, second and third integrals in the above
limit (from left to right). We have In, I∞ ≥ 0 and limn→∞ In = I∞ − IŜ. It follows that if
jŜ > j∞, then we get In(jŜ) ≥ 0, I∞(jŜ) = 0 and IŜ(jŜ) > 0. This is a contradiction. Thus
jŜ ≤ j∞.(2.28)
Thus (2.24) follows. The second desired limit (2.25) is deduced from (2.27) and the fact
that ∫
V̂
Ŝ ∧ ω̂h ∧ ω̂
q−j−1 ∧ σ∗ωj =
∫
V̂
Ŝ ∧ ω̂q−j ∧ σ∗ωj ≥ 0
if j ≥ jŜ.
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Consider now the case where q + l ≥ k + j∞. We will prove that Ŝ = 0. We already
know from (2.28) that its h-dimension jŜ is at most j∞. Thus
Ŝ ∧ σ∗ωj = 0(2.29)
for every j > j∞. Let Ŵs ≈Ws×D
k−l−1 be a local chart of V̂ which trivialize the projection
σ|V̂ , where Ws is a local chart of V and D is the unit disk in C. Let ω0 be the standard
Ka¨hler form on Cl−1. Define
ω′ := ω + ω0
which is a Hermtian metric on Ŵ satisfying
ω′k−l−1+j = ωj ∧ βj ,
for some smooth form βj because ω
k−q
0 = 0. Using q ≥ k − l + j∞ and the fact that
the bidimension of Ŝ is (q, q), we obtain that the mass of Ŝ on compact subset of Ŵ is
bounded by a constant times
〈Ŝ, ω′q〉 = 〈Ŝ, ω′k−l−1+j∞+1 ∧ ω′q−k+l−j∞〉 = 〈Ŝ ∧ σ∗ωj∞+1, βj ∧ ω
′q−k+l−j∞〉 = 0
by (2.29). Thus Ŝ = 0 on Ŵ . It follows that Ŝ = 0. Combining this with (2.27) gives
(2.26). The proof is finished. 
We in fact obtain the following continuity property for total tangent classes in the
Ka¨hler case.
Proposition 2.10. Let X be a complex Ka¨hler manifold. Let (Tn)n∈N be a sequence of closed
positive currents of bidimension (q, q) converging to a current T. Assume that
(i) Tn has no mass on V and suppTn ∩ V ⊂ K for some compact K ⊂ U independent of
n,
(ii) q + l ≥ k + j∞, where j∞ is the h-dimension of the total tangent class κ
V (T∞) of T∞
along V .
Then if κV (Tn) denotes the total tangent class of Tn along V, then we have
lim
n→∞
κV (Tn) = κ
V (T∞).(2.30)
Note that since j∞ is at least (l − p) where (p, p) is the bidegree of T∞, the above
condition (ii) is equivalent to j∞ = q + l − k. If T∞ is the current of integration along an
analytic set, then the equality j∞ = q+ l−k means T∞ intersects V properly by Theorem
3.1 and Lemma 3.2 in the next section.
Proof. Recall that the total tangent class of T∞ along V is a cohomology class in H∞ ≈
P(E) and is given by π∗∞({T̂∞}|V̂ ) where we identified V̂ with P(E) and π∞ : E\V → H∞
is the natural projection. We still have a notion of h-dimension for such a class, see [25,
Def. 3.7] and the notions of h-dimensions of positive closed currents on P(E) and their
cohomology classes are the same.
Consider a tubular neighborhood Ŵ of V̂ , that means Ŵ is diffeomorphism to an
open neighborhood of V̂ in the normal bundle of V̂ . Using the projection of the normal
bundle of V̂ , we get a projection π̂ : Ŵ → V̂ . Observe that W := σ(Ŵ ) is an open
neighborhood of V in X and π̂ induces a projection π : W → V. Since out problem is
of local nature near V, from now on we restrict to working on W, Ŵ . As above we can
assume limn→∞ T̂n = T̂∞ + Ŝ, where Ŝ is a current on V̂ .
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Recall that for every cohomology class α in W, we have
α|V = π∗(α ∧ {V }).
We can see it by using Poincare´’s duality on V and de Rham’s regularisation theorem to
get a closed form representing {V } with support closed to V . Using the last formula and
(2.27) with ωj replaced by π∗θ for an arbitrary smooth closed form θ in V, one gets
lim
n→∞
κV (Tn) ∧ (ω̂|V̂ )
q−j−1 = κV (T∞) ∧ (ω̂|V̂ )
q−j−1 − {Ŝ} ∧ ω̂h ∧ (ω̂|V̂ )
q−j−1(2.31)
for every 0 ≤ j ≤ q − 1. Now using q + l ≥ k + j∞ and arguing exactly as in the proof
of Proposition 2.9 give Ŝ = 0. Combining this with the fact that (2.31) still holds if we
replace ω̂ by π̂∗θ̂, for any closed smooth form θ̂ in V̂ , we obtain the desired limit. This
finishes the proof. 
3. INTERSECTION OF ANALYTIC SETS
In this section, we study the intersection of analytic sets by using the theory of tangent
currents developed in the last section. Our first main result in this section is Theorem 3.1
below saying that the tangent current of an analytic subset along a smooth submaniold
on every complex manifold always exists and is unique. Let X be a complex manifold. We
emphasize that there is neither compactness assumption nor Ka¨hler condition on X. Let
V,E, σ, X̂, V̂ , π∞ be as in the last section. Let V1 6⊂ V be an analytic subset of X and V̂1
the strict transform of V1 in X̂.
Theorem 3.1. The tangent current of [V1] along V is unique and is given by the pull-back
of [V̂1] ∧ [V̂ ] by π∞. As a consequence, for analytic subsets V1, V2 of X, the density current
associated to [V1], [V2] is unique.
Proof. Clearly, V̂1 is not a subset of V̂ . Thus, V̂1 intersects V̂ properly because V̂ is a
hypersurface. We deduce that the wedge product [V̂1]∧ [V̂ ] is well-defined in the classical
sense, see [32, 8]. The desired assertion then follows immediately from Proposition 2.5.
The proof is finished. 
Put l1 := dimV1. Denote by W the set of irreducible components of V̂1 ∩ V̂ . These
components are of dimension (l1 − 1).Write
[V̂1] ∧ [V̂ ] =
∑
Ŵ∈W
αŴ Ŵ ,
for some nonnegative numbers αŴ . Recall that given hypersurfaces D1, . . . , Dm and an
analytic subset D, if D1, . . . , Dm, D intersects properly, then the intersection D1 ∧ · · · ∧
Dm ∧D in the sense of the pluripotential theory is the same as that defined in the clas-
sical sense of the theory of the intersection of analytic sets. The reason is that the both
definitions enjoy the same continuity property, see [7, p. 212]. Thus αŴ is equal to the
usual multiplicity along Ŵ of the proper intersection V̂1∩ V̂ . In particular, αŴ is a strictly
positive integer for every Ŵ ∈ W.
We now study the relation between irreducible components Ŵ and their images by σ.
This will be crucial for our applications. A typical situation we should keep in mind is
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the case where V1, V are of complementary dimensions and they do not intersect prop-
erly. However, in what follows, we only assume the complementary dimension condition
when necessary.
Denote by W1 the set of all irreducible components of V1 ∩ V. We first begin with the
following lemma.
Lemma 3.2. Let W1 ∈ W1. Then there exists Ŵ1 ∈ W such that W1 = σ(Ŵ1).
Proof. For every Ŵ ∈ W, σ(Ŵ ) is an irreducible analytic subset of V1 ∩ V because other-
wise if A is the singular part of σ(Ŵ ) then σ(Ŵ )\A has at least two connected compo-
nents, hence, so does
Ŵ\σ−1(A) = (σ|Ŵ )
−1(σ(Ŵ )\A);
this is a contradiction by the irreducibility of Ŵ .
Since σ(V̂1) = V1 and σ is bijective outside V̂ ,we have σ(V̂1∩V̂ ) = V1∩V. This combined
with the irreducibility of σ(Ŵ ) implies that there exists a finite number of elements ofW
the union of whose images by σ isW1. Since these images are analytic subsets ofW1, we
deduce that at least one of them is W1. The existence of Ŵ1 then follows. 
Notice that the above result doesn’t rule out the possibility that there exists Ŵ ∈ W
such that σ(Ŵ ) is a proper analytic subset of an irreducible component of V1 ∩ V. This is
the reason for the following definition. An exotic (intersection) component W of V1 ∩ V is
the image σ(Ŵ ) of some Ŵ ∈ W such that σ(Ŵ ) 6∈ W1. Denote by W˜1 the union of W1
with the set of all exotic components of V1 ∩ V. For W ∈ W˜1, we define its multiplicity as
νW :=
∑
Ŵ :σ(Ŵ )=W
αŴ .
In this paper, we will pay special attention to components of dimension zero. An exotic
(intersection) point x of V1 ∩ V is an exotic 0-dimensional component of V1 ∩ V.
Let P be the number of isolated intersection points counted with multiplicity of V1 ∩ V
and P˜ the sum of P with the number of exotic intersection points counted with multiplicity
in V1 ∩ V. One of our goals is to estimate P˜ .We will need the following auxiliary result.
Lemma 3.3. Let Y, Z be two Ka¨hler manifolds and g : Y → Z a proper holomorphic
submersion. Let K be a compact in Z. Let Q be an irreducible analytic subset of Y. Then
generic fibers of g|Q have the same volume denoted by βQ and there exists a constant M
independent of Q such that we have
M−1βQ vol
(
g(Q) ∩K
)
≤ vol(Q ∩ g−1(K)) ≤MβQ vol
(
g(Q) ∩K
)
,(3.1)
here the volume is computed by fixing Ka¨hler metrics on Y, Z.
Proof. Let ω be a Ka¨hler metric on Y. We obtain the induced metric on Q. Observe that
since Q is irreducible and g is proper, g(Q) is an irreducible analytic subset of Z. By
Hironaka’s desingularisation theorem, there is a proper smooth modification π′ : Y ′ →
Y such that the strict transform Q′ of Q is smooth. Let g′ := g|Q ◦ π
′ : Q′ → g(Q).
Outside a proper analytic subset of g(Q), the map g′ is a proper submersion. By applying
Ehresmann’s lemma (see for example [3, Le. 10.2]) to g′ and using the irreducibility of
g′(Q′), we see that generic fibers of g′ are (locally) C∞-homotopic to each other. This
combined with the fact that a generic fiber of g|Q is the direct image of a generic fiber
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of g′ implies that generic fibers of g|Q is (locally) C
∞-homotopic as well. Using this, the
closedness of ω and the fact that every analytic set is naturally oriented, we obtain that
generic fibers of g have the same volume denoted by βQ as in the statement.
Since g is a submersion, Y is a fibered bundle over Z. Consider a finite covering
(Yj)1≤j≤N of Y over a relatively compact open neighborhood of K such that for every
j, Yj is a local (differentiable) trivialization of Y, i.e, Yj = Zj × Y
′
j , where Zj ⊂ Z and Y
′
j
is diffeomorphic to a fiber of g. We can also assume that Yj is a relatively compact open
subset of another trivialization of Y. Put Qj := Q ∩ Yj. Consider a Riemannian metric on
Yj which is the product of two Riemannian metrics on Zj, Y
′
j . Using this metric and the
fact that the volume of a generic fiber of g|Qj is ≤ βQ, we have
vol(Qj) . βQ vol(Zj ∩K) ≤ βQ vol
(
g(Q) ∩K
)
.
Summing over 1 ≤ j ≤ N in the last inequality gives
vol(Q ∩ g−1(K)) ≤MβQ vol
(
g(Q) ∩K
)
for some constant M independent of Q. The other desired inequality is proved in the
same way. This finishes the proof. 
Let ω, ω̂, ω̂h be as in the last section.
Lemma 3.4. Assume that V1, V are of complementary dimensions. The following three
properties hold:
(i) for any isolated point x in V1 ∩ V , the multiplicity νx defined above is equal to the
usual multiplicity of x in the intersection V1 ∩ V. Moreover, the only irreducible component
Ŵ of V̂1 ∩ V̂ such that x ∈ σ(Ŵ ) is σ
−1(x),
(ii) for every positive (l1 − 1, l1 − 1)-form Φ on X̂ whose restriction to each fiber of
V̂ ≈ P(E) is of mass 1 on that fiber, we have∑
x∈V1∩V isolated or exotic
νxδx ≤ σ∗
(
[V̂1] ∧ [V̂ ] ∧ Φ
)
,(3.2)
(iii) if V is compact and Φ is a form as in (ii), then there exists a constantM independent
of V1 such that
P˜ ≥ σ∗
(
[V̂1] ∧ [V̂ ] ∧ Φ
)
−M
l1−2∑
j=0
‖σ∗
(
[V̂1] ∧ [V̂ ] ∧ ω̂
j
)
‖.(3.3)
Proof. Let T∞ be the tangent current of T := [V1] along V. Let x be an isolated point in
the intersection V1 ∩ V and ν
′
x its multiplicity defined in the classical sense. It is already
observed in [14, Le. 2.2] that in a small enough local chart around x we have
T∞ = ν
′
x[π
−1(x)],
where T∞ is the tangent current of T along V. This can be seen directly from the classical
definition of the multiplicity of x. Since T∞ = π
∗
∞([V̂1] ∧ [V̂ ]), we deduce that ν
′
x = νx.
Assertion (i) follows immediately.
We now prove (ii). Note that
[V̂1] ∧ [V̂ ] =
∑
x∈V1∩V isolated or exotic
νx[σ
−1(x)] +
∑
Ŵ :dimσ(Ŵ )≥1
αŴ [Ŵ ].
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This implies that ∑
x
νx[σ
−1(x)] ≤ V̂1 ∧ V̂ ,
where the sum is taken over isolated points and exotic points in V1 ∩ V. The inequality
(3.2) follow immediately.
Assume now V is compact. Cover V with a finite number of local charts V ′. Thus
(σ|V̂ )
−1(V ′) is Ka¨hler. For Ŵ ∈ W, denote by βŴ the volume of a generic fiber of σ|Ŵ .
Applying Lemma 3.3 to the submersion σ : (σ|V̂ )
−1(V ′)→ V ′, we obtain that
vol(Ŵ ) . βŴ vol
(
σ(Ŵ )
)
.
〈
[Ŵ ], σ∗ωdimσ(Ŵ ) ∧ ω̂
l1−1−dimσ(Ŵ )
h
〉
which implies ∑
Ŵ :dimσ(Ŵ )≥1
αŴ vol(Ŵ ) ≤
l1−2∑
j=0
‖σ∗
(
[V̂1] ∧ [V̂ ] ∧ ω̂
j
)
‖.
The desired inequality (3.3) then follows. The proof is finished. 
Proposition 3.5. LetK,K ′ be compact subsets ofX such thatK is contained in the interior
of K ′. Assume that there exists a Hermitian form ω on X for which ddcωj = 0 on V for
1 ≤ j ≤ q − 1, where q = dimV1, there exists a constant c independent of V1, we have∑
W1∈W˜1
νW1 vol(W1 ∩K) ≤ c vol(V1 ∩K
′).(3.4)
Proof. We will prove the following inequality: there is a constant c independent of V1 for
which ∑
W1∈W˜1
νW1 vol(W1 ∩K) ≤ c‖V̂1 ∧ V̂ ‖σ−1(K ′).(3.5)
Our desired inequality is deduced directly from (3.4) and Theorem 2.6. Let ω be a
Hermitian metric on X and ω̂, ω̂h as in the last section. By Lemma 3.2 and the definition
of W˜1, there is Ŵ1 ∈ W with σ(Ŵ1) = W1 and there are νW1 such Ŵ1.
Put l′1 := dimW1. For x ∈ W1, let Fx be the fiber over x of Ŵ1 →W1. We have
dimFx ≥ (l1 − 1− l
′
1)
and the equality occurs for x in some open Zariski subsetW ′1 ofW1. Using
ω̂l1−1 & ωl
′
1 ∧ ω̂
l1−1−l′1
h
gives
vol(Ŵ1 ∩ σ
−1(K)) &
∫
Ŵ1∩σ−1(K)
ωl
′
1 ∧ ω̂
l1−1−l′1
h =
∫
x∈W ′
1
∩K
ωl
′
1
∫
Fx
ω̂
l1−1−l′1
h
The second integral in the right-hand side of the last equality is equal to the cup product
of the cohomology classes of Fx and (ω̂h|σ−1(x))
l1−1−l′1 in σ−1(x) ≈ Pl−1 which is thus ≥ c0
for some strictly positive constant c0 independent of V1. It follows that
vol(Ŵ1 ∩ σ
−1(K)) &
∫
W1∩K
ωl
′
1 = vol(W1 ∩K)
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Consequently,∑
W1∈W˜1
νW1 vol(W1 ∩K) ≤
∑
Ŵ∈W
vol(Ŵ ∩ σ−1(K)) ≤ ‖V̂1 ∧ V ‖σ−1(K).
This finishes the proof. 
The next result gives an inequality similar to (3.4) in a more particular situation where
we only have a weaker assumption on ω.
Proposition 3.6. Let X be a compact complex surface, Y and Z two compact complex
manifolds. Assume that Y, Z admit Hermitian pluriclosed metrics. Let ∆ be the diagonal of
X2 and ∆2 := Y ×∆ × Z. Let V1, V2 be complex analytic subsets of dimension 2 of Y ×X,
X × Z respectively. If W1, . . . ,Wm are the irreducible components of (V1 × V2) ∩ ∆2, then
we have
m∑
j=1
vol(Wj) ≤ cX vol(V1) vol(V2),(3.6)
for some constant cX depending only on X.
Recall that a Hermitian metric ω is pluriclosed if ddcω = 0.
Proof. Since X, Y, Z admits Hermitian pluriclosed metrics, there exist positive definite
Hermitian forms ω, ωY , ωZ on X, Y, Z respectively such that dd
cω = ddcωY = dd
cωZ = 0.
Put X2 := Y × X × X × Z. Let σ2 : X̂2 → X2 be the blowup of X2 along ∆2 and
σ : X̂ ×X → X ×X the blowup of X × X along ∆. We see that X̂2 = Y × X̂ ×X × Z
and σ2 = (idY , σ, idZ) because of the choice of ∆2.
Let ∆̂ be the exceptional hypersurface of σ and ∆̂2 the exceptional hypersurface of σ2.
By the above observation, ∆̂2 = Y × ∆̂ × Z. Let ω̂h be the Chern form of a Hermitian
metric on O(−∆̂) whose restriction to ∆̂ is Fubiny-Study form on ∆̂ ≈ P(N∆). Denote
by pj the projection from X2 to the j
th component for 1 ≤ j ≤ 4. Put
ω2 := p
∗
1ωY + p
∗
2ω + p
∗
3ω + p
∗
4ωZ .
By rescaling ω, we can assume that ω̂ := ω̂h+p
∗
2ω+p
∗
3ω > 0. Hence ω̂2 := p̂
∗ω̂h+σ
∗
2ω2 > 0
as well, where p̂ is the natural projection from X̂2 to X̂ ×X.
Theorem 3.1 tells us that the tangent current to T := [V1] ⊗ [V2] along ∆2 is unique
and given by π∗∞([T̂ ] ∧ [∆̂2]), where T̂ is the strict transform of T in X̂2, and π∞ is the
projection from P(N∆2⊕C) to ∆̂2 ≈ P(N∆2). On the other hand, Proposition 3.5 implies
that
m∑
j=1
vol(Wj) .
∫
X̂2
T̂ ∧ [∆̂2] ∧ ω̂
3
2 =: A.(3.7)
Thus in order to get (3.6), we only need to bound the last integral. Denote by (x1, . . . , x4)
a general point in X4. Write [∆̂] = ddcu + η′ for some smooth form η′ and some quasi-
p.s.h. function u on X̂ ×X. It follows that [∆̂2] = dd
cp̂∗u+ p̂∗η′.
Let ϕ, η be as in the proof of Theorem 2.6, i.e, σ∗ω̂h = dd
cϕ+ η. Note that
ddc(ϕ ◦ σ) = ω̂h − σ
∗η + c[∆̂]
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for some strictly positive constant c.Multiplying ω̂h by c
−1 allows us to assume that c = 1.
Hence, ϕ ◦ σ − u is a smooth function on X̂ ×X. This together with the Chern-Levine-
Nirenberg gives
‖T̂ ∧ ddc(u ◦ p̂− ϕ̂)‖ . ‖T̂‖,(3.8)
where ϕ̂ := ϕ ◦ σ ◦ p̂ and we recall the wedge product in the last inequality is defined
classically, i.e, u (hence ϕ ◦ σ) is integral with respect to T̂ . Let c1 be a positive constant
such that
η′ ≤ c1ω̂, dd
c(ϕ ◦ σ) + c1ω̂ ≥ 0.
Using this, (3.8) and the fact that ϕ̂ is integrable with respect to T̂ , we see that
A . ‖T̂‖+
∫
X̂2
T̂ ∧
(
ddcϕ̂+ c1ω̂2
)
∧ ω̂32(3.9)
= ‖T̂‖+ lim inf
M→∞
∫
X̂2
T̂ ∧
(
dd
cϕ̂M + c1ω̂2
)
∧ ω̂32,
where ϕ̂M := max{ϕ̂,−M}. Denote by AM the last integral. Since T̂ ∧ dd
cϕ̂M has no
mass near ∆̂2, we get
AM =
∫
X2\∆2
T ∧
(
ddcϕM + c1(σ2)∗ω̂2
)
∧
(
(σ2)∗ω̂2
)3
.(3.10)
Notice that ϕ, ϕM are functions of (x2, x3) and (σ2)∗ω̂2 = dd
cϕ+ η +
∑4
j=1 p
∗
jω and η is a
closed smooth form. Let c2 be a positive constant such that (c2 − c1)ω2 ≥ c1η. Thus for
ϕ′M1 := max{ϕM + c1ϕ,−M1}, we have dd
cϕ′M1 + c2ω2 ≥ 0. Using this and (3.10) gives
AM ≤ lim inf
M1→∞
∫
X2
T ∧ ΦM1 ,(3.11)
where
ΦM1 :=
(
ddcϕ′M1 + c2ω2
)
∧
(
ddcϕM1 + c2ω2
)3
.
Put ω21 := p
∗
1ωY , ω22 := p
∗
2ω, ω23 := p
∗
3ω and ω24 := p
∗
1ωZ . Since ω2 =
∑4
j=1 ω2j , we can
write ΦM1 as a linear combinations of forms
ΦM1;s′,s,l := (dd
cϕ′M1)
s′ ∧ (ddcϕM1)
s ∧ ∧4j=1ω
lj
2j
with l = (l1, . . . , l4) and
s′ + s+ l1 + l2 + l3 + l4 = 4, 0 ≤ s
′ ≤ 1.
So to bound AM , we only need to bound 〈T,ΦM1;s′,s,l〉. If s
′ + s = 4 or 3, then
〈T,ΦM1;s′,s,l〉 = 0
because of Stokes’ theorem and ddcω = 0. Recall that T = [V1] ⊗ [V2]. If s
′ + s = 0,
then 〈T,ΦM1;s′,s,l〉 is bounded by the mass of T. On the other hand, if l1 + l2 = 1, we can
apply Stokes’ theorem to 〈[V1],ΦM1;s′,s,l〉 to show that this product is equal to 0 because
ddc(ωl121 ∧ω
l2
22) = 0. Hence 〈T,ΦM1;s′,s,l〉 = 0. If l3 + l4 = 1, we obtain the same conclusion.
So it remains to treat the case where (l1 + l2 − 1)(l3 + l4 − 1) 6= 0 and s
′ + s = 1 or 2.
We first consider s′ + s = 1. We have
∑
j lj = 3. Let l
′
1, . . . , l
′
4 be the numbers l1, . . . , l4
written in an order such that l′1 ≥ · · · ≥ l
′
4. Hence l
′
4 = 0 because otherwise
∑
j l
′
j ≥ 4,
a contradiction. We then see easily that either l′1 = l
′
2 = l
′
3 = 1 or l
′
3 = 0, l
′
2 = 1, l
′
1 = 2.
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The first case can’t happen because otherwise we will get (l1 + l2 − 1)(l3 + l4 − 1) = 0.
Hence, we obtain l′3 = 0, l
′
2 = 1, l
′
1 = 2 and l
′
4 = 0. It follows that (l2, l3) = (0, 1) or (1, 0)
and (l1, l4) = (0, 2) or (2, 0) because ϕM1 , ϕ
′
M1
depends only on x2, x3 and dimX = 2.
Without loss of generality, we can suppose l4 = 2. This combined with the fact that
dimV1 = dimV2 = 2 gives
〈T,ΦM1;s′,s,l〉 =
∫
V2
ω24(x4)
∫
V1
(ddcx2ϕ
′
M1)
s′ ∧ (ddcx2ϕM1)
s ∧ ω1(x1)
l2 ∧ ωl32 (x2) = 0
by Stokes’ theorem and l2 + l3 = 1.
We now consider s′ + s = 2. We have
∑
j lj = 2. Let l
′
1, . . . , l
′
4 be as above. Arguing as
above gives l′3 = l
′
4 = 0 and (l
′
1, l
′
2) = (2, 0) or (l
′
1, l
′
2) = (1, 1). If the latter case happens,
we get either l1 = l2 = 0, l3 = l4 = 1 or l1 = l2 = 1, l3 = l4 = 0. For these both cases,
the stokes’ theorem gives the 〈T,ΦM1;s′,s,l〉 = 0. The case where (l
′
1, l
′
2) = (2, 0) is treated
similarly.
Hence, we have proved that 〈T ∧ ΦM1〉 is . ‖T‖ independent of M1. Combining this
with (3.11), (3.9) and (3.7) gives the desired inequality. The constant cX depends only
onX because all of constants in the estimates we used above do so. The proof is finished.

4. NUMBER OF ISOLATED PERIODIC POINTS
Let X be a compact complex manifold of dimension k and f a (dominant) mero-
morphic self-correspondence of X. In this section, we estimate the number of isolated
periodic points of f. Let π1, π2 be the natural projections of X×X to the first and second
components respectively.
Recall that by definition, f is given by an effective analytic cycle Γ :=
∑
j Γ
′
j , where Γ
′
j
are irreducible k-dimensional analytic subsets of X×X such that the images of Γj under
π1, π2 are equal to X. The cycle Γ is called the graph of f. The adjoint correspondence f
−1
of f is the self-correspondence of X whose graph is the image of Γ by the involution of
X2 sending (x, y) to (y, x) for every (x, y) ∈ X2. We can still define the self-composition
fn of f (n ∈ N) which is again a meromorphic self-correspondence on X and dynamical
degrees dq(f) of f as in Introduction; see [21] for the Ka¨hler case. Notice that d0(f), dk(f)
are equal to the topological degree of π1|Γ, π2|Γ respectively.
The indeterminancy set of f is defined by
I(f) := {x ∈ X : dim π−11 (x) ∩ Γ > 1}.
This is an analytic subset of codimension at least 2 of X. If I(f) is empty, f is called
a holomorphic correspondence. By [16, Le. 4.7], if X is Ka¨hler, for every holomorphic
self-map f of X, f−1 is a holomorphic correspondence.
We will need the following lemma generalizing a similar inequality due to Dinh [12]
in the Ka¨hler case.
Lemma 4.1. Let X be a compact complex manifold. Let d0, . . . , dk be the dynamical degrees
of a meromorphic self-correspondence f of X. Then given every smooth (p, q)-form Φ, we
have
lim sup
n→∞
‖(fn)∗Φ‖1/n ≤
√
dpdq, lim sup
n→∞
‖(fn)∗Φ‖
1/n ≤
√
dk−pdk−q.(4.1)
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Proof. Let ω be a Hermitian metric on X. The second inequality of (4.1) is a direct conse-
quence of the first one by using f−1 instead of f. Let Φ be a smooth (p, q)-form. Without
loss of generality, we can suppose that q ≥ p.
By using a partition of unity, we can write Φ as a sum of forms of type Φ′ := Φ(p,p) ∧
Φ(0,q−p) for some positive smooth form Φ(p,p) of bidegree (p, p) and some (0, q − p)-form
Φ(0,q−p). Let Ψ be a smooth (k − p, k − q)-form. Similarly, we can write Ψ as a sum of
forms of type Ψ′ := Ψ(k−q,k−q) ∧ Ψ(q−p,0) for some positive form Ψ(k−q,k−q). It follows that
in order to estimate
∣∣〈(fn)∗Φ,Ψ〉∣∣, it is sufficient to estimate ∣∣〈(fn)∗Φ′,Ψ′〉∣∣.
Let π1, π2 be the natural projections from X
2 to the first and second components re-
spectively. Recall (fn)∗Φ = (π1)∗([Γn] ∧ π
∗
2Φ), where Γn is the graph of f
n. Thus,〈
(fn)∗Φ′,Ψ′
〉
=
∫
Γn
π∗2Φ ∧ π
∗
1Ψ
′.
By the Cauchy-Schwarz inequality, we have
∣∣〈(fn)∗Φ′,Ψ′〉∣∣ ≤ (∫
Γn
π∗2(Φ(0,q−p) ∧ Φ(0,q−p)) ∧ π
∗
2(Φ(p,p)) ∧ π
∗
1Ψ(k−q,k−q)
)1/2
(∫
Γn
π∗1(Ψ(q−p,0) ∧Ψ(q−p,0)) ∧ π
∗
2(Φ(p,p)) ∧ π
∗
1Ψ(k−q,k−q)
)1/2
which is .(∫
Γn
π∗2ω
q−p ∧ π∗2ω
p ∧ π∗1ω
k−q
)1/2(∫
Γn
π∗1ω
q−p ∧ π∗2(ω
p) ∧ π∗1ω
k−q
)1/2
.
Hence, the desired inequality follows. The proof is finished. 
Let Γn be the graph of f
n and ∆ the diagonal of X2. Let σ : X̂ ×X → X × X be
the blowup of X2 along ∆. Denote by Γ̂n the strict transform of Γn via σ. Let ∆̂ be the
exceptional hypersurface. Let σ|Γ̂n∩∆̂ be the restriction of σ to Γ̂n ∩ ∆̂.
Definition 4.2. An exotic (non-isolated) periodic point a of period n of f is an exotic
intersection point of Γn and ∆, this means that a is a non-isolated point in the set Γn ∩ ∆
and dim(σ|Γ̂n∩∆̂)
−1(a) = k − 1 (the maximal possible dimension). The multiplicity of a is
that of a as an exotic intersection point of Γn and ∆, see Section 3.
Let P˜n be the sum of Pn and the number of exotic periodic points of period n counted
with multiplicity. Let G be the set of compact complex manifolds X possessing a Hermit-
ian metric ω such that ddcωj = 0 for 1 ≤ j ≤ k − 1, where k := dimX. The Hermitian
metric ω with the last properties has been studied by Fino-Tomassini in [31, 29]. This
notion is related to the anestho-Ka¨hler metric introduced by Jost-Yau in [37] and strong
KT metrics surveyed in [30].
Clearly, G contains every compact Ka¨hler manifold. By a result of Gauduchon [33],
every k-dimensional compact complex manifold admits a Gauduchon metric ω, i.e, ω is
a Hermitian metric with dd
cωk−1 = 0. Hence every compact complex surface belongs to G .
We refer to [31] for more examples of manifolds in G . We remark however that Hopf
manifolds of dimension > 2 is not in G , see [27, Th. 8.3].
We would like to emphasize a key difference between G and the class of Ka¨hler man-
ifolds is that in contrast to the Ka¨hler case, we don’t know whether the product of two
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manifolds in G is in G . It is very likely that this is not true, see [31] for some related
comments. That problem is a crucial difficulty when studying the dynamics of self-maps
on X ∈ G because in order to study dynamical properties of self-maps of X, we often
have to work on the Carterisan products Xn of X with n ∈ N. Theorem 1.2 is a direct
consequence of the following result.
Theorem 4.3. Let X ∈ G and f a dominant meromorphic self-map of X. Then we have
lim sup
n→∞
1
n
log P˜n ≤ ha(f).(4.2)
When X is of dimension 2, then the algebraic entropy ha(f) of f is a finite bi-meromorphic
invariant of f and
ht(f) ≤ ha(f) <∞.(4.3)
Proof. By the hypothesis, there is a Hermitian metric ω on X with ddcωj = 0 for 1 ≤ j ≤
k−1. Let ω2 := p
∗
1ω+p
∗
2ω where p1, p2 are the projections from X
2 to the first and second
components respectively. Let ∆ be the diagonal of X2. Observe that ddcωj2 = 0 on ∆ for
1 ≤ j ≤ k − 1. Let Γn be the graph of f
n on X2. Observe that [Γn] is a closed positive
current of bidimension (k, k) on X2. Applying Proposition 3.5 to q = k; X2 in place of X,
V1 := Γn, V := ∆ and K := X
2, we obtain that
P˜n . vol(Γn).
This combined with the fact that limn→∞[vol(Γn)]
1/ne−ha(f) = 1 gives (4.2).
Now assume that X is a compact complex surface. We will prove that ha(f) is finite.
To this end, we need to estimate vol(Γn). Let n1, n2 be positive integers. Put Vj := Γnj
for j = 1, 2. Consider the intersection (V1 × V2) ∩ (X × ∆ × X) in X
4. Let p1,4 be the
projection from X4 to X2 by sending (x1, . . . , x4) to (x1, x4). By the definition of Γn1+n2 ,
there exists a k-dimensional irreducible component W of (V1 × V2) ∩ (X ×∆ ×X) such
that Γn1+n2 = p1,4(W ). Using dimΓn1+n2 = dimW, we have vol(Γn1+n2) ≤ vol(W ) which
is
≤ cX vol(Γn1) vol(Γn2)
by Proposition 3.6. It follows that lim supn→∞[vol(Γn)]
1/n exists and is a finite number.
On the other hand, we can check directly that
max
{∫
X
(fn)∗ωq ∧ ωk−q : 0 ≤ q ≤ k
}
. vol(Γn) . max
{∫
X
(fn)∗ωq ∧ ωk−q : 0 ≤ q ≤ k
}
.
Thus, ha(f) = lim supn→∞[vol(Γn)]
1/n <∞.
Now consider a bi-meromorphic map g : X → X ′ and f ′ := g ◦ f ◦ g−1 : X ′ → X ′.
We need to show that ha(f
′) = ha(f). Observe that f
′n = g ◦ fn ◦ g−1. Applying similar
arguments as above gives
vol(Γn) . vol(Γ
′
n) . vol(Γn),
where Γ′n is the graph of f
′n. Consequently, ha(f
′) = ha(f). In other words, ha(f) is a
bi-meromorphic invariant of f.
It remains to prove (4.3). Let Γ[n] be the graph of (f, f
2 . . . , fn) in Xn+1. For 1 ≤ s ≤ k
and M = (n1, . . . , ns) in N
s with 1 ≤ n1 < · · · < ns ≤ n, denote by ΓM the image of the
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map (fn1, . . . , fns) in Xs. It was proved in [34, 21] that
ht(f) ≤ lov(f) := lim sup
n→∞
[vol(Γ[n])]
1/n.
Using an appropriate metric on Xn induced from that on X, we can see that
vol(Γn) .
∑
M
vol(ΓM),
where the sum is taken over M = (n1, . . . , nk) with 0 ≤ n1 < · · · < nk ≤ n. Since the
number of such M is ≤ nk, in order to get the desired bound for lov(f), we only need to
bound vol(ΓM). Fix a such M = (n1, . . . , nk). Recall k = dimX = 2. Thus,
vol(ΓM) .
∑
0≤q≤2
∫
X
(fn1)∗ωq ∧ (fn2)∗ωk−q .
∑
0≤q≤2
∫
X
(fn1)∗
(
ωq ∧ (fn2−n1)∗ωk−q
)
.
The last term in the above inequality is equal to
d2(f)
n1
∫
X
ωq ∧ (fn2−n1)∗ωk−q ≤ [ha(f) + ǫ]
n1 [ha(f) + ǫ]
n2−n1 ≤ [ha(f) + ǫ]
n
for any constant ǫ > 0 and n ≥ nǫ. Therefore, we get
lov(f) ≤ ha(f).
A direct computation shows that lov(f) ≥ ha(f). It follows that lov(f) = ha(f). This
finishes the proof. 
Dinh-Sibony [21] defined the topological entropy of a meromorphic correspondence.
Using this definition, one can see that Theorem 4.3 still holds for meromorphic corre-
spondences.
Assume now X ∈ G . Let ω′ be a Hermitian metric on X for which ddcω′j = 0 for
1 ≤ j ≤ k − 1. This metric induces naturally a metric ω := π∗1ω
′ + π∗2ω
′ on X × X with
dd
cωj = 0 on ∆ for 1 ≤ j ≤ k − 1.
Let ω̂h be a Chern form of a Hermitian metric of O(−∆̂) whose restriction to each fiber
of the projection ∆̂ → ∆ is a strictly positive and belongs to the cohomology class of a
hyperplane of that fiber. By rescaling ω′, we can assume that ω̂ := σ∗ω + ω̂h > 0. By our
choice of ω̂h, the restriction of ω̂
k−1 to each fiber of the projection ∆̂ → ∆ is a volume
form of mass 1.
Proposition 4.4. Let X ∈ G , ω, ω̂ as above and f a meromorphic self-correspondence of
X. Assume that there are a current T∞ and a sequence (An)n∈N of strictly positive numbers
such that the following conditions are satisfied:
(i) T̂∞ ∧ [∆̂] is well-defined classically,
(ii) A−1n [Γn] converges to T∞,
(iii)
〈T̂∞ ∧ [∆̂], ω̂
k−1〉 = 1, σ∗(T̂∞ ∧ [∆̂] ∧ ω̂
j) = 0(4.4)
for every 0 ≤ j ≤ k − 2.
Then we have
P˜n = An + o(An)
as n→∞.
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Moreover the last asymptotic still holds without Assumption (i) provided that ω is Ka¨hler
and Assumption (iii) is replaced by the condition that the mass of the total tangent class
κ∆(T∞) of T∞ along T measured with respect to ω̂ is 1 and the h-dimension of κ
∆(T∞) is 0.
Proof. Assumption (iii) tells us that the h-dimension of T̂∞∧[∆̂] is j∞ := 0. Since dimΓn+
dim∆ = 2k = 2k + j∞, applying Proposition 2.9 to Tn := A
−1
n [Γn], T∞, V := ∆ and X
2,
we obtain
lim
n→∞
∥∥σ∗(T̂n ∧ [∆̂] ∧ ω̂k−1)∥∥ = ∥∥σ∗(T̂∞ ∧ [∆̂] ∧ ω̂k−1)∥∥(4.5)
for 0 ≤ j ≤ k − 1. This combined with (3.2) of Lemma 3.4 implies
lim sup
n→∞
A−1n P˜n ≤
∥∥σ∗(T̂∞ ∧ [∆̂] ∧ ω̂k−1)∥∥ = 〈T̂∞ ∧ [∆̂], ω̂k−1〉 = 1(4.6)
by the first equality of (4.4). The second equality of (4.4) together with Property (iii) of
Lemma 3.4 applied to V1 = Γn, V = ∆ yields
lim inf
n→∞
A−1n P˜n ≥ 1.
We conclude that P˜n = An+ o(An).When ω is Ka¨hler, similar arguments give the desired
assertion by using Proposition 2.10 instead of Proposition 2.9. This finishes the proof. 
We recall here the following result from [43] which is stated for meromorphic self-map
but its proof is extended obviously to the case of self-correspondence.
Theorem 4.5. Let X be a compact complex manifold of dimension k and f a meromorphic
self-correspondence of X. Let ν be a complex measure with Lk+1 density on X and ν(X) =
1. Assume that dk > dk−1. Then the sequence d
−n
k (f
n)∗ν converges to an invariant PC
probability measure µf of entropy ≥ log dk independent of ν such that d
−1
k f
∗µf = µf and
lim
n→∞
〈d−nk (f
n)∗ν − µf , ϕ〉 = 0(4.7)
for every quasi-p.s.h. function ϕ on X.
The following result implies Theorem 1.1 in Introduction.
Theorem 4.6. LetX be a compact complex manifold and f a meromorphic self-correspondence
of X. Assume that one of the following situations occurs:
(i) X ∈ G and f has a dominant topological degree,
(ii) X is Ka¨hler and f is a holomorphic self-correspondence of X such that f−1 is also a
holomorphic correspondence and f has a simple action on the cohomology groups,
(iii) X is a compact Ka¨hler surface and f is an algebraically stable dominant meromor-
phic self-map of X with a minor (small) topological degree.
Then we have
P˜n = e
nha(f) + o(enha(f)).(4.8)
Recall that if f is a holomorphic self-correspondence of a compact Ka¨hler manifold X,
then by [16], the action f ∗ of f on the cohomology is well-defined and (fn)∗ = (f ∗)n for
every n. In this case, the dynamical degree dq of f is thus equal to the spectral radius of
f ∗|Hq,q(X) and we say that f has a simple action on the cohomology groups if the maximal
dynamical degree dp(f) of f is a simple eigenvalue of the action f
∗ on Hp,p(X) and
is the only eigenvalue of f ∗ on Hp,p(X) of modulus dp and for every q 6= p we have
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dq(f) < dp(f). Notice that by [11], every map in the situation (iii) above also satisfies
the last property.
Proof. In order to prove (4.8), we only need to check the assumption in Proposition 4.4.
Consider first the case where f has a dominant topological degree andX ∈ G . Recall that
smooth forms on X2 can be approximated by forms π∗1Φ1 ∧ π
∗
2Φ2 in C
∞-topology, where
Φ1,Φ2 are smooth forms on X. By Lemma 4.1, we see that for smooth (k− p, k− q)-form
Φ1 and (p, q)-form Φ2 on X,〈
d−nk [Γn], π
∗
1Φ1 ∧ π
∗
2Φ2
〉
= d−nk
∫
X
(fn)∗Φ2 ∧ Φ1 = O((dpdq)
n/2d−nk )→ 0(4.9)
if (p, q) 6= (k, k) because dk > dp or dq in this case. Let µf be the equilibrium measure of
f. On the other hand, if (p, q) = (k, k), we have〈
d−nk [Γn], π
∗
1Φ1 ∧ π
∗
2Φ2
〉
=
〈
d−nk (f
n)∗Φ2,Φ1
〉
→ 〈µf ,Φ1〉
∫
X
Φ2 = 〈π
∗
1µf , π
∗
1Φ1 ∧ π
∗
2Φ2〉
by Theorem 4.5. Using this and (4.9) gives
d−nk [Γn]→ T∞ := π
∗
1µf .
Put An := d
n
k . Denote by Πj : X̂ ×X → X the composition of σ and πj for j = 1, 2.
Observe that Π1,Π2 are submersions. Consider local coordinates x = (x1, . . . , xk) on X.
These coordinates induce a natural coordinate system (x, y) on X2. The diagonal ∆ is
given by x−y = 0. Put y′ := x−y.We obtain new local coordinates (x, y′). A typical local
chart on X̂ ×X can be described as (x, y′1, v2, . . . , vk) and
σ(x, y′1, v2, . . . , vk) = (x, y
′
1v2, . . . , y
′
1vk), ∆̂ = {y
′
1 = 0}
We deduce that the fiber of Π1 in the considered local chart is parameterized by y
′
1,
v2, . . . , vk. Since T̂∞ = σ
∗π∗1µf = Π
∗
1µf , we can check easily that T̂∞ ∧ [∆̂] is well-defined
classically and
〈T̂∞ ∧ [∆̂], ω̂
k−1〉 =
∫
x∈X
dµf
∫
(y′
1
,v2,...,vk)∈Π
−1
1
(x)
[∆̂] ∧ ω̂k−1(4.10)
=
∫
x∈X
dµf
∫
σ−1{(x,x)}
ω̂k−1
=
∫
x∈X
dµf
∫
σ−1{(x,x)}
ω̂k−1h =
∫
x∈X
dµf = 1.
Using similar computations as in (4.10) gives
〈T̂∞ ∧ [∆̂], ω̂
j ∧ σ∗ωk−1−j〉 = 0
for every 0 ≤ j ≤ k − 2.
Consider now the case where f has a simple action on the cohomology groups and X
is Ka¨hler. It was shown in [16] that Tn := d
−n
p [Γn] converges to T∞ := T
+ ⊗ T−, where
T+, T− are closed positive currents of bi-degree (p, p) and (k− p, k− p) respectively such
that their super-potentials are continuous and T+ ∧ T− is of mass 1. We deduce that
Π∗1T
+,Π∗2T
− also have continuous super-potentials, see [16, Le. 2.2]. Thus the current
Π∗1T
+ ∧Π∗2T
− is well-defined and has a continuous super-potential (cf. [23, Pro. 3.3.3]).
Recall that a closed positive current with continuous super-potential has no mass on
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pluripolar set. It follows that Π∗1T
+ ∧ Π∗2T
− has no mass on ∆̂. Outside ∆̂ the current
Π∗1T
+ ∧ Π∗2T
− is equal to T̂∞. We then obtain that T̂∞ = Π
∗
1T
+ ∧ Π∗2T
−. Consequently,
T̂∞ ∧ [∆̂] is well-defined classically. By regularizing T
+, T− in the SP-convergence (cf.
[23, Pro. 3.2.8]), we get
T̂∞ ∧ [∆̂] = (σ|∆̂)
∗
(
(T+ ⊗ T−) ∧∆
)
= (σ|∆̂)
∗(T+ ∧ T−).
The first equality of (4.4) then follows. The second one is checked similarly. In fact,
the above equality is more than needed to obtain (4.4). One only needs to look at their
cohomology classes: σ∗([∆̂]∧ω
k−1) belongs to the class of [∆] inX2, hence 〈T̂∞∧[∆̂], ω̂
k−1〉
is equal to the cup product of {T∞} and {∆} which is the mass of T
+ ∧ T−. Thus (4.8) is
proved in this case.
It remains to treat the case of surfaces. Results from [11, 10, 15] show that there exist
closed positive currents T+, T− on X such that d−n1 [Γn] converges to T
+⊗T− and T+ has
no mass on proper analytic subsets of X, see [15, Pro. 3.3]. Moreover, by [15, Cor. 2.4],
the h-dimension of the total tangent class of T+ ⊗ T− along ∆ is 0. Thus we can apply
Proposition 4.4 to get the desired assertion in this case. This finishes the proof. 
Now we give some more dynamical properties of meromorphic self-maps on manifolds
in G .
Corollary 4.7. Let X ∈ G and f a surjective holomorphic self-map of X with dominant
topological degree. Then the following properties hold:
(i) every Lyapunov exponent of the equilibrium measure µf of f is at least
1
2
log(dk/dk−1),
(ii) the isolated periodic points of f is equidistributed with respect to µf :
µn :=
1
Pn
∑
x
νxδx → µf ,(4.11)
where the sum is taken over all isolated periodic points of f of period n, νx is the multiplicity
of x and δx is the Dirac mass at x,
(iii) there exists a totally invariant (possibly empty) proper analytic subset E of f, i.e,
f−1(E) = E such that d−nk (f
n)∗δa → µf if and only if a 6∈ E .
In the Ka¨hler case, Corollary 4.7 is already known, see [22, 14, 18, 35, 4, 5]. In order
to prove Corollary 4.7 we will need the following result which is more or less a trivial
extension of [16, Le. 4.7].
Lemma 4.8. Let X ∈ G and f a surjective holomorphic self-map of X. Then the fibers of f
are finite, in other words, f is a ramified covering. Moreover for every constant ǫ > 0 and
every irreducible analytic subset Y of dimension q of X with f(Y ) ⊂ Y, then f(Y ) = Y and
the topological degree of fn|Y is ≤ vol(Y )
−1
(
dq(f) + ǫ
)n
for n ≥ nǫ big enough.
Proof. We will argue exactly as in the proof of [16, Le. 4.7] with the Bott-Chern coho-
mology in place of the de Rham cohomology. Let ω be a Hermitian metric on X with
dd
cωj = 0 for 1 ≤ j ≤ k − 1, where k = dimX. The form ωj for 1 ≤ j ≤ k − 1 induces a
class in the Aeppli cohomology of X, see [1] for the definition of the Aeppli cohomology.
Consider the Bott-Chern cohomology H∗,∗BC(X) of X which is defined by H
∗,∗
BC(X) :=
Ker d/ Imddc. This cohomology H∗,∗BC(X) for currents or forms is the same and its di-
mension is finite because X is compact, see [1] for a proof. Observe that f ∗, f∗ induce
naturally linear endomorphisms on H∗,∗BC(X). Since f∗f
∗α = dkα for every smooth form
30
α, the map f∗f
∗ acting on the Bott-Chern cohomology is just the multiplication by dk.
Hence, f∗ is invertible.
Suppose that there is x ∈ X for which Y := f−1(x) is of a strictly positive dimension
q. Denote by {Y }BC the class of [Y ] in H
k−q,k−q
BC (X). Using
∫
Y
ωq > 0, we see that {Y }BC
is nonzero because of the duality between the Bott-Chern cohomology and the Aeppli
cohomology. On the other hand, f∗[Y ] = 0 because f(Y ) = {x} of dimension 0. It follows
that f∗({Y }BC) = 0. This is a contradiction because f∗ is invertible. We conclude that the
fibers of f are finite.
Let Y be an irreducible analytic subset of X with f(Y ) ⊂ Y. Since the fiber of f is
finite, f(Y ) is of the same dimension q. Thus f(Y ) = Y. We have fn(Y ) = Y for every n.
Let δ be the topological degree of fn|Y . Observe (f
n)∗[Y ] = δ[Y ] because Y is irreducible.
Let β1, . . . , βm be closed forms on X such that their Bott-Chern cohomology classes form
a basis of Hk−q,k−qBC (X). Let Φ be a closed form in the Bott-Chern cohomology class of
[Y ]. We can write Φ =
∑m
j=1 ajβj + dd
cΦ′ for some aj ∈ C and some smooth form Φ
′.
Consequently,
‖(fn)∗[Y ]‖ = 〈(f
n)∗[Y ], ω
q〉 = 〈(fn)∗Φ, ω
q〉 .
m∑
j=1
|〈(fn)∗βj , ω
q〉| . (dq + ǫ)
n,(4.12)
for n ≥ nǫ big enough. We deduce that δ‖[Y ]‖ ≤ (dq + ǫ)
n. This finishes the proof. 
Proof of Corollary 4.7. We first prove µn → µf .We just follow the usual idea to construct
good inverse branches of fn. Let Y be the set of critical values of f. The fiber f−1(x) has
exactly dk points for x ∈ X\Y. The set Y is the image by f of the critical set of f which is
a hypersurface. By Lemma 4.8, Y is also a hypersurface.
Let ǫ be a small positive constant for which dk > dj + ǫ for 0 ≤ j ≤ k − 1. By (4.12)
and the fact that dk > dk−1, we see that
R :=
∑
n≥0
d−nk f
n
∗ [Y ]
is a well-defined closed positive (1, 1)-current on X. This current R is called the ramifi-
cation current of f . Put E1 := {x ∈ X : ν(R, x) ≥ 1} which is an analytic subset of X by
Siu’s semi-continuity theorem. Let E be the set of x ∈ X for which f−n(x) ∈ E1 for every
n ∈ N.
Arguing exactly as in the proof of [22, Pro. 1.51, Th. 1.45], we see that Property (iii)
holds and E is totally invariant and maximal in the sense that for every proper analytic
subset E of X with f−s(E) ⊂ E for some s ≥ 1 then E ⊂ E . We also have that there
are at most a finitely many analytic sets in X which are totally invariant. We only need
to note that the proofs presented there only used the Ka¨hler form to construct R and
estimate the topological degree of fn|Y ; the other arguments hold without the presence
of a Ka¨hler form. By the same reason, we obtain the lower bound for the Lyapunov
exponents of µf and the equidistribution of isolated periodic points of f as in [22, Th.
1.57, Th. 1.120]. Remark that although we don’t know whether µf is ergodic, this issue
doesn’t affect arguments in [22, Th. 1.120]. The proof is finished. 
Remark 4.9. Consider now X is of dimension 2 and f a meromorphic self-map of X with
dominant topological degree. By Theorems 4.5 and 1.2, µf is an invariant measure of
maximal entropy. We can show that µf is a unique measure of maximal entropy by using
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Gauduchon’s metric instead of a Ka¨hler form, arguments in the proof of Theorem 1.2 and
repeating arguments in Ka¨hler case [22, Th. 1.118] or [5, Th. 2].
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